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$\mathbb{R}_{+}^{n+1}:=\{(x, t)\in \mathbb{R}^{n+1}|x\in \mathbb{R}^{n},t>0\}(n\geq 1)$ ,
$L^{(\alpha)}$ ,
$L^{(\alpha)}:=\partial_{t}+(-\Delta_{x})^{\alpha}$ $(0<\alpha\leq 1)$
, $L^{(\alpha)}u=0$ $u$ $(\alpha-)$
([NSS]). Hardy $h_{\alpha}^{p}$ ,
Hardy (See section 2). Hardy
, Carleson
.
Carleson $T_{\tau}$-Carleson (See section 3). Car-
leson $T_{\tau}$-Carleson . $T_{\tau}$-Carleson
.
1.1 (Carleson measure inequality for $p>2$).
$\mu$
$\mathbb{R}_{+}^{n+1}$ Borel , $0<\alpha\leq 1,2<p\leq\infty,$ $\tau=\frac{n}{2\alpha}/(\frac{n}{2\alpha}+1)$ .
, $C>0$ $u\in h_{\alpha}^{p}$ ,
$\Vert u\Vert_{L^{p}(\mathbb{R}_{+}^{n+1},d\mu)}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{\frac{1}{p}}\Vert u\Vert_{h_{\alpha}^{p}}$ .
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Verbitsky( $[V,$ Corollary 2.2.]) , Poisson Carleson
.
1.2 (Corollary 2.2. of [V]).
$\mu$
$\mathbb{R}_{+}^{n+1}$ Borel , $2<p\leq\infty$ . , $C>0$
$f\in L^{p}(\mathbb{R}^{n})$ ,
$\Vert P[f]\Vert_{L^{p}(\mathbb{R}_{+}^{n+1},d\mu)}\leq C(\kappa[\mu])^{\frac{1}{p}}\Vert f\Vert_{L(\mathbb{R}^{n})}P$ .
, $P[f|$ $f$ Poisson , $\kappa[\mu]$ $\mu$ Carleson .
. , 1.1 $\alpha=1/2$ 12
.
1.1 Lorentz $($ See section 4$)$
. Section 5 .
2 Hardy
Hardy $h_{\alpha}^{p}$ ,
$h_{\alpha}^{p}:=\{u:\mathbb{R}_{+}^{n+1}$ $\alpha$- $|\Vert u\Vert_{h_{\alpha}^{P}}<\infty\}$ $(1<p\leq\infty)$
. ,
$\Vert u\Vert_{h_{\alpha}^{p}}:=\{\begin{array}{ll}\sup_{t>0}(/\mathbb{R}^{n}|u(x, t)|^{p}dx)^{\frac{1}{p}} (1<p<\infty),\sup |u(x\}t)| (p=\infty).(x,t)\in \mathbb{R}_{+}^{n+1} \end{array}$
.
$L^{(\alpha)}$ ,
$W^{(\alpha)}(x, t):=\{\begin{array}{ll}(2\pi)^{-n}/\mathbb{R}^{n}e^{-t|\xi|^{2\alpha}}e^{ix\cdot\xi}d\xi (x\in \mathbb{R}^{n}, t>0),0 (x\in \mathbb{R}^{n}, t\leq 0).\end{array}$
, $\alpha=1/2,1$ Poisson , Gauss :
$W^{(1/2)}(x,$ $t)=\{\begin{array}{ll}\Gamma(\frac{n+1}{2})\frac{t}{(|x|^{2}+t^{2})^{\frac{n+1}{2}}} (x\in \mathbb{R}^{n}, t>0),0 (x\in \mathbb{R}^{n}, t\leq 0),\end{array}$
$W^{(1)}(x, t)=\{\begin{array}{ll}(4\pi t)^{-n/2}e^{-|x|^{2}/4t} (x\in \mathbb{R}^{n}, t>0),0 (x\in \mathbb{R}^{n}, t\leq 0).\end{array}$
$W^{(\alpha)}(x,$ $t)$ .
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2.1. $h_{\alpha}^{p}$ $F$ $u(x, t)$ , $u(x,$ $t)=/\mathbb{R}^{n}W^{(\alpha)}(x-y,$ $t)f(y)dy$
$f\in L^{p}(\mathbb{R}^{n})$ . , $f\in L^{p}(\mathbb{R}^{n})$
$u(x,$ $t)= \int_{\mathbb{R}^{n}}W^{(\alpha)}(x-y,$ $t)f(y)dy$ $u(x,$ $t)$ $u\in h_{\alpha}^{p}$ .
$W^{(\alpha)}(x, t)$ semigroup property :
$W^{(\alpha)}(x, t)=/\mathbb{R}^{n}W^{(\alpha)}(x-y, t-s)W^{(\alpha)}(y, s)dy$ $(0<s<t)$ .
, .
2.2.
$C>0$ , $(X, t)\in \mathbb{R}_{+}^{n+1}$ ,
$W^{(\alpha)}(x, t) \leq C\frac{t}{(t+|x|^{2\alpha})^{\frac{n}{2\alpha}+1}}$ .
Bergman
$b_{\alpha}^{p}:=$ { $u:\mathbb{R}_{+}^{n+1}$ $\alpha$ $|\Vert u\Vert_{L^{p}(\mathbb{R}_{+}^{n+1},dV)}<\infty$} $(1\leq p\leq\infty)$
( $dV$ ). $b_{1/2}^{p},$ $b_{1}^{p}$ $L^{p}$ ,
. $b_{\alpha}^{p}$ Carleson , $[$NSY$]$
Section 5 .1
3 $Car|eson$
Carleson Hardy $h_{\alpha}^{p}$ Carleson
.
3.1 ( $T_{\tau}$-Carleson measure) $T_{\tau}$-Carleson constant).
$0<\alpha\leq 1,$ $\mu$ $\mathbb{R}_{+}^{n+1}$ Borel , $\tau>0$ , $C>0$
,
$\mu(T^{(\alpha)}(x, t))\leq Ct^{(\star_{\alpha}+1)\tau}$
, $\mu$ $T_{\tau}$ -Carleson (with respect to $L^{(\alpha)}$ ) . ,




3.1 , $\alpha=1/2$ Carleson .
[NSY] $b_{\alpha}^{p}$ Carleson $\tau$-Carleson
.
3.2 ( $\tau$-Carleson measure, Definition 1 of [NSY]).
$0<\alpha\leq 1_{f}\mu$ $\mathbb{R}_{+}^{n+1}$ Borel , $\tau>0$ , $C>0$
,
$\mu(Q^{(\alpha)}(x, t))\leq Ct^{(\text{ }+1)\tau}$
, $\mu$ $\tau$ -Carleson (with respect to $L^{(\alpha)}$ ) . ,
$Q^{(\alpha)}(x, t)$ Carleson box , $Q^{(\alpha)}(x, t):=\{(y_{1}, y_{2}, \ldots, y_{n}, s)\in \mathbb{R}_{+}^{n+1}|t\leq s\leq$
$2t,$ $|y_{i}-x_{i}|\leq 2^{-1}t^{\frac{1}{2\alpha},i=1,2,\ldots,n\}}((x, t)\in \mathbb{R}_{+}^{n+1})$ .
$T_{\tau}$-Carleson $\tau$-Carleson .
3.3.
$\frac{n}{2\alpha}/(\frac{n}{2\alpha}+1)<\tau$ , $\mu$ $T_{\tau}$ -Carleson $\mu$ $\tau$-Carleson
.
3.4.
$\frac{n}{2\alpha}/(\frac{n}{2\alpha}+1)\geq\tau$ , $\mu$ $T_{\mathcal{T}}$ -Carleson $\mu$ $\tau- Carlon$
. , $T_{\mathcal{T}}$ -Carleson $\tau$-Carleson ,
.
3.3
$Q^{(\alpha)}(x, t)\subset T^{(\alpha)}(x, ((n/4)^{\alpha}+2)t)$
$\mu(Q^{(\alpha)}(x, t))\leq\mu(T^{(\alpha)}(x, ((n/4)^{\alpha}+2)t))\leq C((n/4)^{\alpha}+2)^{(\neq+1)_{\mathcal{T}}}\alpha t^{(\neq+1)_{\mathcal{T}}}\alpha$
, $\mu$ $T_{\tau}$ -CarleSon $\tau$-CarleSon .
, $\{x_{k,i}\}$ $T^{(\alpha)}(x, t) \subset\bigcup_{k\geq 0_{1}i}Q^{(\alpha)}(x_{k,i}, t/2^{k+1})$ ( ,
$k$ $Q^{(\alpha)}(xk,i, t/2^{k+1})$ $2^{1+\frac{1+k}{2\alpha}}$ ) ,
$\mu(T^{(\alpha)}(x, t))\leq\sum_{k,i}\mu(Q^{(\alpha)}(x_{k,i}, t/2^{k+1}))\leq\sum 2^{(1++)n}\infty 1k\alpha(t/2^{k+1})^{(p_{\alpha}+1)\tau}$
$k=0$
$\leq 2\tau_{\alpha}^{1}\alpha t^{(+1)\tau}r_{\overline{\alpha}}^{n}\sum_{k=0}2^{k(\frac{n}{2\alpha}-(T\overline{\alpha}}\infty n+1)\tau)$
, $\frac{n}{2\alpha}/(\frac{n}{2\alpha}+1)<\tau$ $\mu$ $T_{\tau}$ -CarleSon .
4 Lorentz
Lorentz . Lorentz $L^{p,q}$
.
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4.1 (Lorentz SpaCe, [SW])
$(M,$ $\mathcal{M},$ $\mu)$ $f$ ,
$f\in L^{p,q}(M,$ $d\mu)$
def
$\Vert f\Vert_{L^{p,q}(M,d\mu)};=\{\begin{array}{ll}(\frac{q}{P}/o^{\infty}(t^{\frac{1}{P}}f^{*}(t))^{q}\frac{dt}{t})^{q}\iota<\infty (1\leq p<\infty, 1\leq q<\infty),supt^{\perp}Pf^{*}(t)<\infty (1\leq p\leq\infty, q=\infty).t>0 \end{array}$
, $\lambda_{f}(s):=.\mu(\{X\in \mathbb{R}^{n}||f(x)|>s\}),$ $f^{*}(t):= \inf\{S|\lambda_{f}(s)\leq t\}$ .
LorentZ .
$4\cdot 2([SW], [BS])$ .
LorentZ $L^{p,q}(M, d\mu)$ .
(i) $1<P\leq\infty,$ $1<q\leq\infty$ , $L^{p,q}(M, d\mu)$ Banach .
(ii) $1\leq p\leq\infty$ $L^{p,p}(M, d\mu)=L^{p}(M,$ $d\mu)$ .
(iii) $1/P+1/p^{/}=1/q+1/q^{/}=1,1<p,$ $q<\infty$ $(L^{p,q}(M, d\mu))^{*}\simeq L^{p’q’})(M, d\mu)$
.
(iV) $q_{1}\leq q_{2}$ $L^{p,q1}(M, d\mu)\subset L^{p,q2}(M, d\mu)$ .
, Lorentz .
4.3 (Marcinkiewicz interpolating theorem for Lorentz spaces, [BL]).
$\mu,$ $\nu$ Borel , $(U, d\mu),$ $(V, d\nu)$ . $p_{0}\neq p_{1},$ $q_{0}\neq qi,$ $r0\geq 1,$ $r_{1}\geq$
$1,$ $s_{0}\geq 1,$ $s_{1}\geq 1$ , $T:L^{p0,r_{0}}(U, d\mu)arrow L^{q0,s_{0}}(V, d\nu)$ $T:L^{p_{1},r_{1}}(U, d\mu)arrow$
$L^{q1,81}(V, d\nu)$ , ,
$sup\frac{\Vert Tf||_{L^{q0^{\prime\epsilon}}0(V,d\nu)}}{||f\Vert_{L^{p}0^{r}0(U,d\mu)}}f\not\equiv 0,=;M_{0}<\infty,$ $sup\frac{\Vert Tf||_{L^{q}1^{\prime\epsilon}1(V,d\nu)}}{||f\Vert_{L^{p}1^{r}1(U,d\mu)}}f\not\equiv 0,=:M_{1}<\infty$
, $0<\theta<1,1/p=(1-\theta)/Po+\theta/p_{1},1/q=(1-\theta)/q0+\theta/q_{1},1\leq r\leq\infty,$ $1\leq$
$s\leq\infty$ $T:L^{p,r}(U, d\mu)arrow L^{q,8}(V,$ $d\nu)$ , ,
$\sup\frac{\Vert Tf||_{Lq,e(V,d\nu)}}{||f\Vert_{L^{p,r}(U,d\mu)}}f\not\equiv 0=:M<\infty$
, $M\leq M_{0}^{1-\theta}\Lambda I_{1}^{\theta}$ .
5 $p>2$ $Car|eson$
1.1 . $\mu,$ $\alpha,p,$ $\tau$ .
, $C>0$ $u$ 2.1 $f\in L^{p}(\mathbb{R})$
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$\Vert u\Vert_{L^{2.\infty}(\mathbb{R}_{+}^{n+1},d\mu)}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{1}z\Vert f\Vert_{L^{2}(\mathbb{R}^{n})}$ (1)
. , 43 $U=\mathbb{R}^{n},$ $V=\mathbb{R}_{+}^{n+1}$
$(Po, q0, r0, sO, P1, q_{1}, r_{1}, s_{1})=(2,2,2, \infty, \infty, \infty, \infty, \infty)$ $C>0$
$\Lambda I_{0}=C(\kappa_{\tau}^{(\alpha)}[\mu])^{\int},$ $M_{1}=C$ , $\theta=1-(2/p)$ $M\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{\iota}p$
. ,
$W_{\alpha,\mu}[g|(x);=/\mathbb{R}_{+}^{n+1}g(x-y, t)W^{(\alpha)}(y, t)d\mu(y, t)$ $(x\in \mathbb{R}^{n})$
, 4.2(iii) (1)
$\Vert W_{\alpha,\mu}[g]\Vert_{L^{2}(\mathbb{R}^{n})}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{\frac{1}{2}}\Vert g\Vert_{L^{2,1}(\mathbb{R}_{+}^{n+1},d\mu)}$ (2)
. $E$ $\mathbb{R}_{+}^{n+1}$ $g=\chi E$ ($E$ )
( $[SW,$ $p195$ , Theorem 3.13.]). , $C>0$ ,
$\Vert W_{\alpha,\mu}[\chi E]\Vert_{L^{2}(\mathbb{R}^{n})}^{2}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])\mu(E)$ (3)




$\leq C/ExE\frac{t+s}{(t+s+|y-z|^{2\alpha})^{R+1}2\alpha}d\mu(y, t)d\mu(z, s)$
$\leq C/_{E}(1_{\mathbb{R}_{+}^{n+1}}\frac{t}{(t+s+|y-z|^{2\alpha})^{B}2\alpha+1}d\mu(z, s))d\mu(y, t)$
$+C \int_{E}(/\mathbb{R}_{+}^{n+1}\frac{S}{(t+s+|y-z|^{2\alpha})T^{n}\overline{\alpha}+1}d\mu(y, t))d\mu(Z, S)$
, $C>0$
$\sup_{(y,t)\in \mathbb{R}_{+}^{n+1}}\int_{\mathbb{R}_{+}^{n+1}}.\frac{t}{(t+s+|y-z|^{2\alpha})\alpha}d\mu(z, s)\leq C(\kappa_{\tau}^{(\alpha)}[\mu])$ (4)
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. $C>0$ ,





Bergman $b_{\alpha}^{p}$ , 5.2 Carleson
.
5.2 (Carleson measure inequality on $b_{\alpha}^{p}$ , Theorem 1 of [NSY]).
$1\leq p\leq q<\infty,$ $\mu$ $\mathbb{R}_{+}^{n+1}$ Borel . , $C>0$
$u\in b_{\alpha}^{p}$ , $\mu$ q/p-Carleson , Carleson
$\Vert u\Vert_{L^{q}(d\mu)}\leq C\Vert u\Vert_{L^{p}(dV)}$ .
, Carleson , $\tau=\frac{n}{2\alpha}/(\frac{n}{2\alpha}+1)$
, 3.3 . Bergman
.
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